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statistics, including mixed-mode effects and free of
divergences: II. Diagram analysis and some exact
relations
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Physics Department, Fudan University, Shanghai 200433, People’s Repubtic of China
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Abstract. In this paper the causes of the ‘mathematical breakdown’ of the random-phase
approximation RPA’ are analysed. Starting from an exact matrix formula, a diagram analysis
of a functional-integral approach is developed with the following characteristics: (i) All the
singularities of the integrands are cancelled completely; there is no problem of the limitation
from the convergence radius of the formula used. {ii) The rezlity of the partition functions
atevery stage is guaranteed and all the benefits of the complex representation are preserved
simultaneously. (iii) All the functionai-integral series are transformed into two-dimensional
integral series. (iv) A functional-integral approach, which can calculate the mixed mode
contributions, is given for the first time. The diagrammatic rules of mixed mode contributions
and some concrete examples are given, Some exact symmetry relations and expressions are
suggested and proved. These symmetry relations are also preserved at every stage in our
diagram analysis. They are useful in practical calculations. A new exact relation is also
derived.

1. Introduction

This series is devoted to studying the functional-integral approach (FIA) in quantum
statistics. In the first paper [1], a theorem shows that a general statistical equilibrium
problem can be transformed into a problem of an ideal gas moving in a (complex) time-
dependent external field. The price one needs to pay is introducing a functional integral.
The susceptibility of a Kondo system in a fairly wide temperature region is calculated
in the first harmonic approximation (FHA) in the Fia. The comparison with that of
renormalization group theory (RGT) shows that in this region these two results agree
quite well. The expansion of the partition function with infinite independent harmonics
for the Anderson model is studied and used to discuss some symmetry relations. The
occupation number and susceptibility of asymmetric Anderson systems are studied by
FIA in [2], and their results are compared with that of renormalization group theory in
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It is well known that there is a *mathematical breakdown’ in the famous random-
phase approximation (RPA’) of the FIA. Amit and Keiter [4] neglect all the mixed mode
effects and suggest the independent harmonic approximation to avoid this difficulty.
But the divergence problem still needs to be solved. This paper is devoted to developing
a systematic diagram analysis of the FiA, including the mixed mode effects and free of
divergences.

In section 2, the cause of the ‘mathematical breakdown’ of RPA’ is investigated. The
validity of a useful formula is analysed.

In section 3, a systematic diagram analysis of an expansion of the partition function
inthe Fra is given. The cancellation theorem of divergence is proved. Allthe singularities
of the integrands are cancelled in every order. The reality theorem is proved. Then the
reality of the partition function in every order is guaranteed even in the complex
representation of FIA.

In section 4, the contributions from mixed modes are included in the theoretical
framework in a natural way. The diagrammatic rules of mixed mode contributions
and some concrete examples, especially the lowest-order (third-order) mixed mode
contributions, are calculated.

In section 5. as applications of the diagram analysis, some exact symmetry relations
and expressions for Anderson systems are proved. They are useful in practical calcu-
lations. Some symmetry relations, which are pointed out and proved in the independent
harmonic approximations in [2] and [1], are proved to be exact.

In section 6, the same topics as in section 5 are discussed for Anderson systemns with
attractive Couvlomb interactions (negative ).

The concluding remarks and discussions are given in section 7.

2. The cause of rra’ divergence in Fia and a matrix formula

Itisinteresting to introduce a Feynman diagram analysis in the F1a, because the diagrams
may be useful in discussing the following problems:

(i) How to make a systematic expansion that is exact and allows for further approxi-
mations beyond the independent harmonic approximation or RPA',

(i) What will happen at very low temperature in the symmetric case.

(iii) The difference of the resuits of renormalization group approach and FiA when
the f leve! is below the Fermi level.

This is not an easy task.

Keiter [6] has discussed the Anderson model from the viewpoint of a diagrammatic
perturbation technique in the real representation. One of the remarkable achievements
is that the author establishes the relation between the F1a and the perturbation expan-
sions by means of comparison. But some questions still exist. For example, these
approaches, including RPA’, are based on an elementary formula:

> (-0)"
In{1 + x) = ~ > c(—l=xs=s1), (2.1)
=1 m
But in these approaches in the vicinities of the singularities of the Green function, x
turns to infinity. In principle. expansion (2.1) is no longer valid when |x| > 1. We have
no reason to believe that the integrations from — % to + are still correct.
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As pointed out by Amit and Keiter [4], in the higher-order RPA' [S] one faces higher
order pole singularities and some terms in the expansions are divergent. Then they
neglect all the mixed mode effects, suggest the independent harmonic approximation to
avoid this difficulty. (But the mixed mode effects have not been included yet.) It is a
challenging problem to build in the mixed mode contributions to the theory. It is
also interesting to eliminate the divergence of all the diagrams at the beginning. So a
systematic analysis of the expansion in the FiA is still needed.

In order to establish a systematic diagram analysis of FiA, including the mixed mode
effects and free of divergences, instead of formula (2.1}, we start from the formula

exp(TrIn A) = det(A) (2.2)
which can be proved in the following cases:

(i) When A is Hermitian. Formula (2.2) can be proved easily in the eigen-rep-
resentation. Please note that here A can be an infinite-dimensional matrix and its
eigenvalues can be any real number.

(ii) When A is not Hermitian and

|Ame — 1] < 1. (2.3)

Formula (2.2) can be proved in the linear operator theory [7] starting from (2.1) for
an N X N matrix, the infinite determinant follows then in the limit N — > as in [4].
(iii) When A is not Hermitian and

A — 1] > 1. (2.4)

Then formula (2.1} is no ionger valid. The main point of this discussion is to emphasize
the subtle difference of the validity conditions of the formulae {2.1) and (2.2).

For alogarithmic function In(z), the only singularity in the finite region is the branch
point at z = 0. Usually, in order to make the function single-valued, one uses a branch
cut starting at z = 0, or fix on the leaf of the Riemann surface. But analytic continuation
between two leaves of the Riemann surface is still available. Following [8], one can
change the expansion centre, using analytic continuation to avoid the singularity.
According 10 the Abel theorem and choosing a suitable expansion centre Ay, we always
have

A= 3 C,(Ao - A" | 2.5)

where
|Au — Al <r Cn(Ag) = (d"/dAF) In(A,)/m! (2.6)

and r is the convergence radius. One can also use the similarity transformation to get
the same expression (2.5).

Not all the linear operators can be diagonalized by a non-singular transformation
even for a finite matrix, but all the matrices can be transformed into subdiagonal form
by a unitary transformation [7]. According to the properties of subdiagonal matrices,
we have

TrinA =2, 2 ColAg) A — AQ)™ —}" 10{A o). Q2.7

n m=0

Formula (2.2) is valid and independent of the magnitudes of the eigenvalues and the
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expansion forms, even in the cases in which formula (2.1) does not exist. The formula
(2.2) is proved.

Usually infinite matrices can be considered as the limiting case. For Hermitian
matrices, the formula is proved even in infinite matrices. For infinite non-Hermitian
matrices, if when N — <, the limit of the RHS of expression (2.7) exists and is finite, then
formula (2.2) is still valid. As to a discussion on the more general condition from a
mathematical viewpoint, we shall leave this as an interesting open problem.

The main point is that in the FIA, x denotes a function of the Green functions. In the
vicinities of singularities of Green functions, x turns to infinity continuously. Certainly
one can use the expression (2.5) or

= Awm
1nA=InAg—Zl(I—ZA—) : (2.8)
m=) i]

Although (2.5) or (2.8) can be derived from (2.1) by transformation, they are eventually
different from {2.1}). In the usual theory of F1a, one always neglects this difference. In
the integration one uses expression (2.1) only and errors are built in to the theory at the
beginning. Even if one notices this difference and uses (2.5) or (2.8), one cannot change
Ay continuously in a practical calculation of the functional integral, because that is too
complicated. The merit of formula (2.2) is that the form of the formula is unified and
independent of the magnitude of the eigenvalues of A, This merit is important for our
following study in the theoretical framework of the FIA.,

3. Feynman diagram analysis in the functional-integral approach, including mixed mode
effects and free of divergences

In this section the first problem is how to establish a systematic expansion in the
Fa without divergence and develop a corresponding Feynman-diagram anaiysis. The
second problem is how to maintain all the benefits of the complex representation and
guarantee the reality of the partition function in every order simultaneously. The third
problem is how to transfer all the functional integrals corresponding to the expansion
diagrams into finite-dimensional integrals. The fourth problem is how to include the
coherent effect of mixed modes. Up to now one has still needed a Fia including mixed
mode effects in a natural way. Surely they are important at low temperature. This
problem is a challenging one. We try to establish a systematic approach in Fia by solving
these problems.

3.1. Theoretical expansion in FiA and cancellation theorem of divergence

Hereafter the symbols used follow [1]. As pointed out by Amit and Keiter [4], there is
a ‘mathematical breakdown’ in the famous RPA' in F1A [5]. The generalized RrPa’ [4]
consists of two steps: expanding the logarithmic operator according to (2.1); admitting
the index in the matrix elements to have only the values £ v [4]. Then

exp (E Trin( — V° 'g)) =1 11 deecpo). (3.1)

e p>=0

Some spurious terms enter into the expansion, when v = 2; the pole singularities of
higher order lead to divergence.
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It is worth noting that in the vicinities of the singularities of O°, the expansion (2.1)
is no longer valid owing to the finite convergence radius and divergence occurs. Because
the RPA’ is a selective partial summation of expansion (2.1), we assert that the main
danger comes from expansion (2.1).

It is also worth noting that the divergence is only a signal: even in the finite region
|x| > 1, expansion (2.1) already loses its meaning. The road leading out of the dilemma
is to avoid expansion (2.1).

Fortunately we can use an exact linear operator identity as the starting point:

exp(Trin A) = det(A). (3.2)

This formula transforms the combinational operation with logarithm into a determinant
and is independent of the magnitudes of the eigenvalues. Certainly if one makes an
incorrect approximation in the determtnant, one can still get a divergent result.

To avoid superpositions of poles, we expand the determinant exactly according to
the definition of the determinant. Then establishing the exact diagram rules, we can
develop a natural diagram analysis.

It is obvious that

exp (Z Trln QO) = [] der(O°). (3.3)

Consider the infinite matrix Q° as a limit of the corresponding 2m X 2m matrix with
m— =, Its centre is close to Qf; the position of the centre is (—=0.5, —0.5). Introduce
g8, g° and new label n:
g8(n)=G§(n—m~—1) n=1,2,...,2m (3.4)
¢ = o { 1 ifn=n (3.5)
G prms e -5%.25(n") otherwise. ’

The merits of this procedure will be explained later. We call this kind of section a ‘mirror
symmeltric section’.
According to the definition of determinant we have

det(Q%) = 2 (=195, 950, - - - m.anm (3.6)
P

where p is the inverse number of the permutation:
1, 2,3, .., 2m
( ) (3.7)
&y, &, &z, .., oy

A cancellation theorem of divergence. Inthe expansion (2.26) in[1], all the singularities
of the integrands in every term are removable.

Proof. In the expansion of det(Q°), only one term equals 1, and all others contain one
or more factorsfor G§, possessingisolated singularities at the following points, according
to (2.28) in [1]:

1+A4°=0,-1,-2,...
1+B°=0,-1,-2,....

Because of the property of determinants, all the arguments in g in a term of expansion
(3.6) are different and all the singularities in the expansion are simple poles.

(3.8)
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Fortunately, there is a factor [II,I'(1 + A9)(1 + B%)]"! in expansion (2.26) in 1],
which possesses infinite simple zeros exactly at the same points {3.8). Just these simple
zeros cancel all the possible singularities in the expansion of det{ Q) and all singularities
in the integrands become removable.

Because of Gaussian factors, all the integrals in the expansion are convergent. This
allows us to establish diagram rules and a systematic diagrammatic analysis.

Theorem. Allthe termsin the expansion (2.26)in [1] can be traced todoubleintegrals.

Proof. Consider a general term containing mg ¢}, = landm{ ¢}, = 1 and expressed
by
i - . k. kygoy kL #hiny—
y = (—1)P*P - (UBmM (mn*mﬂ)fzg(a,ﬁ)z_J:: I J Sl z, N (3.9)

where

M =2m aE(a’lva’Z""vaM) ﬂz(ﬁlvﬁZ!""ﬁM)
M
gla, B) = [[1 (88 (er)}i1g8 (B (3.10)

a,-=1—6i_,.’ b}=1—6j_ﬁf..

Because g(a, ) depends on zy, 2§ only, all the Gaussian integrations over z, and z;}
{except u = 0) can be carried out by the following orthogonal formula:

3 % . k !
j j exp(—"ar|zy|2)z,’juz:k" dr, dy, :,-;—:;fa"#-"‘l*' (3.11)
We obtain
E=ff f exp(~| 2o 1?) A% A7, (2 ak)(n 1“(1+A“)1‘(1+B")) (3.12)
- e k a
Zm-
- k!
iy = (-1 U mymge, SG-K) TT (Z2) @3
p=L=2m
where

k= (kozmerse o s Komet) k' = (klomirse o2 kdn-1). (3.14)

We have now finished the transformation from the functional-integral expansion to
a series of double integrals.

3.2, Diagram rules

Inorder toanalyse the expansion systematically, we introduce a special diagram analysis.
Following Feynman’s idea on the diagram technique, we establish the correspondence
between terms and diagrams.

The prescription for drawing a diagram of u; is as follows:
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(i) Set three rows of 2m equidistant points. The labels in the upper, middle and lower
rows are integer sequences {n'}, {no}, {n}, respectively. The sequence {ng} has natural
order. The permutation

{roh
(i)
corresponds to that of a term in det{Q"). The permutation
{rn}
Gy
corresponds to that of a term in det(Q*).
(i1) Foro= | (0= 1), an arrow starting from point »; in the middle row pointing
to point »' in the upper row (point # in the lower row) corresponds to z _, (Zpg-n)

respectively, Their physical explanation can be the amplitudes of fluctuations in complex
fields with frequencies @, (@,,-.) in the mean-ficld background.

The prescription for writing down the contribution of &, corresponding to a given
diagram is the following:

(i) According to the configuration of arrows, check the factor IT, z& z 3%« first:
i, =0 if {k, # &y}
i, #0 if {k, =k, }.

(ii) Determine the number of cross points for lower (upper) arrows, which equals
the inverse mumber p (p'). Determine the number of lower arrows /= 2m — my.
Multiply the integrand by a factor (—1)P+7"*%,

(1i) For every lower (upper) arrow introduce a factor \/(Uﬁ:rr)Gu (r—m—1)
(V( Uﬁﬂ')Go (n—m— 1)) into the integrand respectively.

(iv) Every factor |z|*w in the i, corresponds to a factor &, !/*» in the &.

(3.15)

According to this prescription one can give expressions like (3.13).

3.3. Reality theorem

The reality of the partition function is a necessary condition in physics. But the complex
auxiliary field z(r) is introduced in the present FIA. It is easy to lose reality in some
approximations. For example in the infinite independent harmonic approximation the
=, in equation (3.8) in [1] may be complex. So it is very important to guarantee the
reality of the partition function in every approximation order. Modern studies on
multiple series point out that the approximation mode is very important. In the limiting
process one has many choices. The main problem is in what kind of section can reality
be guaranteed in every step. After careful consideration and exploration, considering
the character of (7, we found the mirror symmetric sections, defined in equations (3.4)
and (3.5), are available.

Reality theorem. Under the mirror symmetric section, all the terms in expansion
(3.12) are real.
Let us first introduce some concepts; the self-dual and dual diagrams:

(1) In the mirror symmetric section, the mid-perpendicular of », axes divides the
unlabelled diagram into two parts. In general these two parts are asymmetric. If the



1346 Dai Xianxi

1 2 4 3 5 6
O (@) X ] O
@] O
‘ O\ S
O O O Q . . .
I 5 3 4 & Figure 1. A typical self-dual diagram.
4 5 8 l 2
0O 0 O ©c O
O
© 9 ? 3
5 =3 1 2

(a)
Figure 2. Two dual diagrams.

unlabelied diagram is mirror symmetric with respect to the mid-perpendicular, we call
the diagram self-dual.

(i1) If an unlabeiled diagram d is a mirror image of another diagram d’ with respect
to the mid-perpendicular, we call then dual diagrams of each other.

For example, the diagram in figure 1 is self-dual and the diagrams in figure 2(2) and
(b) are dual. It is obvious that in the mirror section all the diagrams must be either self-
dual or dual.

Lemma 1. The contribution of every seif-dual diagram is real.

Proof. Noticing that under mirror symmetric section in the self-dual diagram the
factors of the Green function appear pairwise

-1

(A% + v)(B° + »v) - (3.16)
the contribution of self-dual diagram u, can be written as
— &G oy -1
7, (sd) = Hf[{Aa — v” [T(1 + A9Y(1 + B%)]
=[1F7,(47, B2y =1l F,(B?, A°). (3.17)
Q a
Let
f=E +ib, —ay, + ioax, {(3.18)

then
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B° =& —ib, + ay, — ioax; (3.18")
where
E=(6-1)2 bo=1/21)&F a=(1/2x)V(UBx). (3.19)

We can prove that:

uatsa = [ ro [ dyo expl=a(cd + yDlik(s0)

=2j dxof dyp exp[ — (x5 + y5)]
—_ 0

X Re [ F,[&+ib, —ay, +icaxy; E—ib, +ay, —igax,). (3.20)
ag

Lemma 2. The resulting contribution of any pair of dual diagrams is real.
Proof. Suppose that the contribution of a diagram d can be expressed by i7,(d) as

a(d)y =1 F,(a°, B). (3.21)

According to the properties of the Green function and the mirror symmetric section,
the contribution of its dual diagram d' is

a.(d) =l F,(B°, A°). (3.22)

Suppose the contributions (i, (d)) and {u,(d’)}), respectively, are not real. We can show
that the resulting contribution must be real:

@ + @)= [ dro [ dyoexp(=izol)
x (T Fo(a7, 87) + [T £, (8%, 49))
; :
=2 ax [ o exp(=alzol) Re (1 Fu(47, 7))
—2Re <H F,(a°, 30)). (3.23)
Combining lemmas 1 and 2, the reality theorem is valid under mirror symmetric

section for finite matrix 0°. It is obvious that the contributions of the diagrams are
convergent. Then the results are limiting-mode independent. The reality theorem is

proved.
4. Partial surnmations and diagrams with mixed modes
Now let us discuss the calculation of diagrams by the diagram analysis developed above.

First of all classify the diagrams according to the arrow number /. We shall be concerned
with the expansion in the low-temperature region.
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nry n
© 0 0 0.Q ©° 9 o o0
O O O 0O O O o o .
n Nty

Figure 3. A typical diagram of second order,

(i} Zeroth order, ! = 0. We have

gl0]=1. (4.1)
This is the static approximation.

(ii) First order, ! = 1. According to the diagram analysis developed above, these
kinds of diagrams will not appear:

glvl=0. (4.2)
(iii) Second order, / = 2. Here

glvy, v2] =0 (vy # —vy)

gy v]#0 (v = — wy).

The second-order diagrams exist only when v, = — »,.

(iv) Third order, ! = 3. These diagrams are different from the first one. The third-
order diagrams do exist, for example g[1.1,~2], gl2,-1,~1], etc. In general the
following diagram exists:

glvi, vz, — (v, + vy)l (4.4)

These are the lowest-order diagrams with mixed modes.
(v) Fourth order, { = 4. In this case

(4.3)

glvy, —v ). glva, —wo] ... are independent harmonic contributions
glvi,va, s, —vy — vy — w5 are mixed mode contributions.
{vi) Higher order: the contributions of these diagrams may be deduced by analogy.

Now let us discuss the second-order diagram shown in figure 3, which is a typical
diagram of second order.

Partial summation is one of the important steps in the diagram technique: choose a
class of diagrams and then sum them up. Summing over all the diagrams of second order
with definite » but different #, we obtain '

gy, =¥l = - 5969, 2 G{n)Gin+ »)

n==x
= — (6207, /(2m)2) I °[v, —»], (4.5)
Noting that
a —ul = — = — o e TR
iy, =] EU(:1+1+A0)(H+1+V+A°) v,zu "’+ |

=1

Bl -vl= Tt E -—)

”=_V(n—B°)(n+v+A") v+6
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la’[v,—vl=_§l( ! )=§E

=~ \(ni=B)n+v-B%) ~ -’-B"+k
" k

we obtain

["[v,-—-v]=lr§( ! + ! )

v S \1+A°+k 1+B°+k

L2 @9

n—yv—1-—A4°

Summing over all » and taking the Gaussian average over all{z,}, with » # 0, we obtain
the exact contribution of all second-order diagrams, including all # and » # 0:

5":280[”1, —v,] 2.87°¥2, — 1]
v) v

4
=22 50 30 S=05-0 L I° —p.11° —
0,02, 0,020, [v1, =21 )7 w3, —v,]

¥ b2 2r
- <g§32 21 Py, —v}i-*[v, — v}, (4.7)

After simplification we have

5" 1
Plo, =vl= ;EO(A“+1+k)(B°+v-k) (“8)

Some special cases are:
I°[1, =1) = §/(A° + 1)}(B° + 1) (4.9)
1912, =2] = (8/{1/(1 + A2 + B + 1/(2+ A°N1 + B)). (4.10)

Atlow temperature, expression (4.9) is consistent with the first harmonic approximation
developed by Amit and Keiter [4]. Itis worth noting that /Tv, —»] must be permutation-
invariant with respect to A° and B, In fact we have

. 6 r—1 1 1 .
jr["’—y]_v(6+;u)go(l+A"+k+1+B"+k)' @11

Our result (4.7) is useful and practicable in calculating the contribution from all the
independent harmonics at low temperature.

Now let us further study how to consider the mixed mode effects. This is an important
problem in F1A and has not yet been solved. But in this theoretical formalism, the mixed
mode contributions appear in a natural way. All third diagrams are of mixed mode
coherent effects. These diagrams can be calculated explicitly in our formalism.
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nty, n Nty

O O O
n nt ¥, L1 Y

Figure 4. The lowest-order diagram with mixed modes,

In figure 4, a typical third-order diagram is shown with v = v + 1, The contribution
of a general term with fixed », v, is the following:

®

go[vl y Va, —in — VZ] = 525162,.26(;2_” E GS(H)GS(I’I + l"l)c_;g(‘n + 1)2)

n=—-x
= (09,0%,,00,-,, /@iy ) [vy, —vs, vy — v ] (4.12)
where
4
vy, —vy, w2 — v ] = > 1%
i=1
with

w

1
Ig] = z i wR-on

1+ A%+ 1+ v + A% (n+ L+, £ A°)

! 1 ! va-1 .
T EVAO"'I‘”‘—V[(V:“"1):«:2:,:4“+1+k (4.13)
I 1
&= _2, (= Bo)n+1+v +ANn+1+w,+A%) T
-1 [( 1t 1 ) =~ S
va=wiL\o+w 4w/ T n—B7 b+
- .
pimy nF 1 +1p1 A" ajpz,,;%lﬂl +1,,2 +Ao] (4.14)

-p[_l

1
5= 3

o (= BO)n+ v, — BYn+1+v, +A%)

-D|—]

S S ( 1 1 )
"V1(6+I'2)n=-v2 n— RBe ﬂ+1+y2+A—d'
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=ry-1

1 1 1
v,(6+v2—v1)n=_,2(n—8"+v1 n+1+v2+A") (#.15)

and

—wvy—1

1
Iy, = E

ne—x (n— B%)n + v, - B°)Y(n + v, — BY)

¥ —1 Pa—-
1 S 11 22’ 1
—vl(vz—-vl)k=,,2_”3°+1+k vo(va—wy) oo B°+1 -k

(4.16)

one can express all these sums by a W function or digamma functions as shown in
mathematical references, such as Abramowitz and Stegun [10].

5. Some exact relations and expressions for the Anderson system

As applications of the functional-integral approach including mixed mode effects and
free of divergence, in this section we try to prove some exact symmetry relations and
expressions for the Anderson system by means of diagram analysis in FIA:

2(T, x0,y0) = 2(T. 1~ X9, ¥o) (5.1)

A (T, 1 = xg,y0) =2 = AT, xg, yo) (5.2)

M(T, xq, ¥4, — %) = — M(T, xy, yo, %) (5.3)
where

Xo=—£,/U 8=T/KT Y, = U/aT. (5.4)

The symmetry relations (5.1}, (5.2) and (5.3) have been pointed out and proved in
first harmonic approximation in F1A [2]. Recently they have also been proved in infinite
harmonic approximation [1]. In this section we shall prove these relations to be exact.

Theorem. For the Anderson system, the functional-integral approach can prove that
the symmetry relations (5.1), (5.2) and (5.3) are exact in any order.

Proof. According to the general diagram rules the partition function can be exactly
expressed by [1]:

= =sz 'r exp( —|z,]?) dx, dy (E i, Il iT{1+ A1 + B")]‘l). (3.5)
k 4

e Y

In a magnetic field, we have

Ere = £ — BoptpOFH 1o = &) — gpo#H (5.6)
where g and gq are Landé factors. Then

£ + &, —UR=2¢+ U2 (5.7)
are field-independent. The free energyis F= —KTIn E.
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The magnetization M and susceptibility y contributed from local states are
= —3Ffa® = KTE'/2

_ — (5.8)
X = (3M/6%) -0 = KT[E"/Z — (E'/8)’].
According to the diagram rules, the partition function = can be written as
2=3[ | andeemi-aci v e 69)
kK Yem " en o

Because ¥ ,{A?, B?) consist of the contributions of self-dual diagrams or dual diagrams,
they both possess the following property:

W, (A%, BY) = W,(B?, AY). (5.10)
Introducing
E=(6-1)2 b, = (8/21)1, a =¥V (UB/m) (5.11)
then
A = E+ib, — ayy + 1aoxg (5.12)
B¢ = E—ib, + ay, — laoxy.
So
2[g, (bt a] = (S TT wilA°. B1)
k o
- <2Hlpk[g-i-ib(ﬁray—iaax;§—ib.,—ay+ic_ic_zx]>
ko
= (2 H W, [&—ib, —ay —ioax; §+ib, +ay -iowc]>
ko
= E[E! {"ba}a a]‘ (513)

The second step comes from the fact that = is invariant under the inverse transformation
of the dummy variables x, and y,. The third step is due to the property of W, expressed
by (5.10).

Then we have

El&,by,b,,a] =E[5, —by,—b . a] (5.14)
When # — 0, we have

b, = (B/2m)(g; + U2) = b, xg=—g/U
50 that

E[8, %0, yol = E[6.1 —xq, yol (5.15)
and therefore

3E/0X = — gup 2 0 IE/3b,. (5.16)

Owing to the property (5.14),
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S5~ (- =lE 01, -] I B TR S
Therefore

MIE, xo, %, yo] = — M[E, 1 — xq, — %, yo]. (5.17)
When #— 0,

Mg, xq,¥0] = — M[E, 1 — x¢, ¥¢] (5.18)

where we have used the following properties: the odd-order derivatives of an even
function are odd; the even-order derivatives of an even function are even. So

2

a
lim = E[&, b1, by, a] = (gus)? Eabz_ls bovb o]

ba=b_a=by

=(gqu)2 abz [g bavb-a’a}

bo=bog==b)

Therefore

x[8,1 = xq. yo] = x[8, x0. yo)- (5.19)

Now let us prove the exact relation (5.2). Denoting

E=f& (5.20)
where

f= Erna(27)? exp | - 2(2 £+ U)] (5.21)
it is obvious that

_ é

fly = — KTgk-ln = (5.22)

—KT(]; %)=—KT§%1nE (5.23)

and so

_ 1 -_ d~

A (8, xg, yp) =4 — E: [§ w,b_g,al besy’ (5.24)
According to (5.14),

d - d .

i Elg w,b_,,4] wembihsemt, s El&, 0,55, 8]0mp,5_0=5, (5.25)
Then we have the exact relation

g[8, 1 — %0, ¥0] = 1 — 12,[8, x4, 0] (5.26)

because
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ﬁl = 2 ﬁla
[

8,1 — xq, Yol =2 — A8, xp, Yol

(5.27)

For the symmetric case, the occupation number must be 1 exactly:
71(8,x0 =34, ¥0] = 1. (5.28)
According to the diagram analysis, one can also prove some exact expressions, which
is useful in practical calculations.
Theorem. For the F1A, the susceptibility contributed by local states y can be expressed
exactly by

x = [4n{gns)? /UNFG — 1/2x) (5.29)
where the average is defined by

[ [ expl=atxt + y8)1AG0, yo)2lxa. ol e dyg

- =

A= - — - —, (5.30)
j j exp| — z{x} + y§)]Elx0, yo] dxo dyo
The expression (5.29) has been derived in [4], with a factor missing.
Theorem. For the Anderson system one has exactly that
M{T’xud’u’_%]= _M{T,X(),}’g,?q- (531)

Proof. Define
Q(E, bla? bf—as a, 3e)

= <x021—[‘1’k[§+ b,y —ayy+icaxy;E—iby, +ayg —ia0x0]> (5.32)
k o

then
QE, big, b1-g, 2, — %)

= (xOEH%[sHb;_a—ayo +ioaxy E— by + ay, (5.33)
+ iaaxg]> ©e
Using equation (5.10) and the transformations x¢— —x, 0— —0, we have

Q(E, big, b1-gs @, —H) = — QE, big, by, 0, %) (5.34)
and since

M=- KT-a—In =

ax

we obtain

M(T, x4, g, — %) = — M(T, x4, yg, %). (5.35)

The theorem is proved.
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Please notice that:

(1) One of the benefits of our diagram analysis is that we can preserve all the exact
symmetry relations in every step(stage).

(ii) In practical calculations, these relations and expressions are usefut. For example,
knowing the partition function, including the higher-order diagram contribution to
caiculate the susceptibility, one usually needs the second derivatives of = with a lot of
terms. But if we start from (5.29), then we only need one term.

6. On the Anderson system with attractive Coulemb interaction

The Andersonsystem with attractive Coulombinteractionis very interesting. Sometimes
it has been considered to be related with superconductivity. In this section we try to
generalize the previous results to the negative U case:

U= —Us <0. (6.1)
We have
aq = ¥V {UyB/x) a=ig,
by, = (B/27)(e1q — Un/2) E=(s-1/2
Following a similar discussion to that in section 5, we can also obtain the same

relations of the partition function =, susceptibility y, occupation number 77, and mag-
netization M for the negative U case:

E‘I_Uﬂvéay[]’ 1 _xO] = E[_UD! 6;y01x0]
X[—UOv 5,y01 1 —Xo] =X[_UO’ a,yu,XO]

(6.2)

(6.3)
Al—Ug, 8, ¥, 1 —xp] =2 — [ — Uy, 8. y0, %0}
M[~U,y, 8, ¥4, 1 — x4, K] = —~M[— Uy, &, yg. x0, —H].
The special cases are:
Lim M[—Uy. 8,50, %0, %] =0 (6.4)
Al=Up, 8.y0, %0 =4, K] = 1. (6.5)

It is very interesting to note that the exact occupation number expressions for the
Anderson systems with repulsive and attractive Coulomb interactions are different.

An exact expression for the occupation number for the Anderson system with
U=-— UO is:

A = 3 + 20/ V(U B7) 7o, (6.6)
We prove this as follows. For U = — U < 0, letting
Y= Yo~ bio/ag (6.7)
one obtains
R b 2
E[- Uy, &, bla’b!—a,a(]]:EJ f eXP{-ﬂ[(y+:f) -|—'x%]}
L T

X dxg dy H W, [—Up, & —lagy — oagxy; § + iagy + oagxl. (6.8)
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Notice that the transformation (6.7) is only applicable to the zero-field case, or it will be
o-dependent. S0 we discuss the occuption number in zero field:

Ae = —KT(f'[f + E'/E) (6.9}
E=- ZJTJ(E]%E) Ek‘, J:c J:}‘o exp[ —m(x} + y3)] 1;[ W, (4°, B7). (6.10)

Then we obtain the exact expression (6.6). This expression is also useful in proving
relation (6.3) and in practical calculations.

7. Discussion and concluding remarks

Two of the main problems in the functional-integral approach are how to overcome the
divergence difficuity and how to calculate the contributions from mixed modes. In this
paper we discussed the causes of mathematical breakdown of RPA’, One is due to the
limitation of the expansion formula used; the other is due to the improper approximation
of the determinants. Unlike the usual theory of F1a, we analyse and prove the validity
condition of a matrix formula and point out that its benefits are its independent expansion
form and the fact that there is no problem of limitation of convergence radius. Starting
from this formula and exact rules for a determinant, we establish a diagram analysis of
FIA, with the following characteristics:

(i) There is no divergence and no problem of limitation of convergence radius. This
is different from another approach {6].

(ii) The reality of partition functionsin every stage is guaranteed, evenin the complex
representation, and all the benefits of the complex representation are preserved.

(iii} All the functional-integral series are transformed into finite-dimensional (2D)
integrals.

(iv) The contributions of mixed mode effects are included in a natural way. 1t is the
first time that a concrete calculating method has been given.

(v} According to the diagram analysis of FIA, we prove some exact relations (5.1),
{5.2), (5.3) and (5.28) for U > 0 and {6.3), (6.4) and (6.5) for U < 0.

(vi) We also give and prove an exact expression for the occupation number (6.6) for
negative U, which corresponds to the exact susceptibility expression (5.29) for positive
U. They are useful in practical calculations and in the proof of some exact symmetry
relations.

Other related topics will be discussed later [9].
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